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^D ' Abstract. This paper considers an optimal control of a big financial com- 

pany with debt liability under bankrupt probability constraints. The com- 
pany, which faces constant liability payments and has choices to choose 
various production/business policies from an available set of control poli- 
cies with different expected profits and risks, controls the business policy 
and dividend payout process to maximize the expected present value of the 
C^ ' dividends until the time of bankruptcy. However, if the dividend payout 

L|_( I barrier is too low to be acceptable, it may result in the company's bank- 

ruptcy soon. In order to protect the shareholders' profits, the managements 
of the company impose a reasonable and normal constraint on their divi- 
dend strategy, that is, the bankrupt probability associated with the optimal 
dividend payout barrier should be smaller than a given risk level within 
vQ ' a fixed time horizon. This paper aims at working out the optimal control 

[~^ I policy as well as optimal return function for the company under bankrupt 

CO ' probability constraint by stochastic analysis, PDE methods and variational 

'^ I inequality approach. Moreover, we establish a risk-based capital standard 

f~^ ' to ensure the capital requirement of can cover the total given risk by numer- 

^D I ical analysis and give reasonable economic interpretation for the results. 
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1 . Introduction 

In this paper, we study a model of a big financial company, which has the 
possibility to choose various production/business policies with different ex- 
pected profits and associated risks. But at the same time, the company has 
liability in which it has to pay out at a constant rate no matter what the busi- 
ness plan is. The company controls the business policy and dividend payout 
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process to maximize the expected present value of the dividends until the time 
of bankruptcy. 

Recently, there has been an upsurge of interest in dealing with such opti- 
mal dividend control problems. We refer readers to Avanzi |l4l(2009) and 
references therein, H0jgaard and Taksar lTT^l 1^01 (1999, 2001), Asmussen et 
al.E 11(1997, 2000), He and LianglHH [11(2008,2009). For results in the 
model with debt liability, see ChouUi, Taksar and Zhou iTTl [81161 [311 [32]| (2008. 
2004, 2003, 2001, 2000). Guo, Liu and Zhou [[11(2004) is a theoretical work 
on constrained nonlinear singular-regular stochastic control problem. The op- 
timal dividend payout for diffusions with solvency constraints is solved in 
Paulsen ['291(2003). According to Miller Modigliani, the managements of the 
company choose the maximum of shareholders' return as their goals. We see 
from these literatures that the optimality is achieved by using an optimal div- 
idend payout barrier b, i.e. whenever the liquid reserve of the company goes 
above b, the excess is paid out to the shareholders as dividends. However, the 
optimal dividend barrier b may be too low to be acceptable because this low 
dividend payout barrier may result in the company's bankruptcy soon. Thus, 
the company may be prohibited to pay dividends at such a low level in or- 
der to avoid bankruptcy. So the managements of the company impose some 
constraints on its dividends payout strategy. One reasonable and normal con- 
straint is that the optimal dividend barrier b should be such that the bankrupt 
probability is not larger than some predetermined risk level e within a fixed 
time horizon T and the cost for the safety is minimal. 

Based on the new idea. He, Hou and Liang [[T6l (2008) studied the linear regular- 
singular optimal control problem of insurance company with proportional 
reinsurance policy under bankrupt probability constraints as we state above. 
They succeeded to find the optimal control policy under bankrupt probabil- 
ity constraints by proving the bankrupt probability is decreasing in the div- 
idend barrier and the existence of the dividend barrier satisfying any given 
bankrupt probability constraints. Furthermore, Liang, Huang and Yao |[25l 
[26l [24[|(2010) gave a exact result of such a control problem by proving the 
bankrupt probability is continuous and strictly increasing w.r.t. the dividend 
barrier b. These new results are mainly about the insurance company with 
proportional reinsurance policy. Motivated by these works, under any given 
bankrupt probability constraint, we are interested in a common company, such 
as a big financial company, insurance company, ..., facing constant liability 
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payments, which controls the business policy and dividend payout process to 
maximize the expected present value of the dividends until the time of bank- 
ruptcy. Based on the relationship between those parameters that govern the 
company's reserve process, we try to derive the optimal control policy as well 
as optimal return function as well as a risk-based capital standard to ensure 
the capital requirement of can cover the total risk in several distinct cases 
of the qualitative behavior of the company under some bankrupt probability 
constraints. Moreover, we also give a robust analysis of the optimal return 
function and the optimal dividend strategy w.r.t. the model parameters and 
the constrained risk level of bankrupt probability. 

The paper is organized as follows. In section 2, we established a rigorous 
stochastic control model of a big financial company facing constant liability 
payments with some bankrupt probability constraints. In section 3, we present 
main result of this paper and its reasonable economic interpretation. In sec- 
tion 4, we give risk analysis of the model we deal with to state the setting 
treated in this paper is well defined and why we study such regular-singular 
stochastic optimal control of the company. In section 5, we give some nu- 
merical examples to portray how the debt rate 6, the constrained risk level of 
bankrupt probability, the initial capital x , the volatility rate cr^ and the profit 
rate fj. impact on the optimal return function and the optimal dividend strat- 
egy. We will list the properties of the optimal return function and bankrupt 
probability in section 6. The proof of main result will be given in section 7. 
The procedure of solving the HJB equations and proofs of lemmas which are 
used to prove the main result will be presented in the appendix. 



2. Mathematical Model 

To give a mathematical formulation of our optimal control problem treated 
in this paper. We start with a filtered probability space (Q, T , {!F;};>o, P) and 
a one-dimensional standard Brownian motion {'W;};>o on it, adapted to the 
filtration Tf Tt represents the information available at time t and any de- 
cision made up to time t is based on this information. For the intuition of 
our diffusion model we start from the classical Cramer-Lundberg model of 
a reserve(risk) process. In this model claims arrive according to a Poisson 
process Nt with intensity X on (^, T , {'Ft}t>Q, P)- The size of each claim is X,-. 
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Random variables X, are i.i.d. and are independent of the Poisson process A^, 
with finite first and second moments given by // and cr^ respectively. If there 
is no reinsurance and dividend payout, the reserve (risk) process of insurance 
company is described by 

N, 

where p is the premium rate. If 77 > denotes the safety loading, the p can be 
calculated via the expected value principle as 

p = {l + ri)Aii. 

In a case where the insurance company shares risk with the reinsurance, the 
sizes of the claims held by the insurer become X", where a is a (fixed) reten- 
tion level. For proportional reinsurance, a denotes the fraction of the claim 
covered by the insurance company . Consider the case of cheap reinsurance 
for which the reinsuring company uses the same safety loading as the insur- 
ance company, the reserve process of the insurance company is given by 

N, 
i=l 

where 

p(^''i^ = (l+rj)AE{Xf}. 

Then by center limit theorem it is well known that for large enough A 

{r^"'%>o « BMQuat, cr^a^t). 

in D[0, 00) (the space of right continuous functions with left limits endowed 
with the skorohod topology), where /i = rjAE(Xi), cr = JaE(Xj) and BM(p, cr^) 
stands for Brownian motion with the drift coefficient yu and difl'usion coeffi- 
cient cr on (Q.,T, {Tt}t>o,V). So the passage to the limit works well in the 
presence of a big portfolios, the reserve (risk) process of the insurance com- 
pany can be approximated by the following diffusion process 

dRt = na{t)dt + (Ta{t)d'Wt, (2.1) 

where a{t) denotes retention level. We refer readers for this fact and for the 
specifies of the diffusion approximations to Emanuel, Harrison and Taylor 
[191(1975), Grandell[|10||(1977), Grandell[llJ(1978), Grandell[T2](1990), 
Harrison[fT5l(1985), Iglehart|l2ll(1969), Schmidfi[|30||(1994). 
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In this paper, we consider a common company which faces constant liability 
payments. In view of the diffusion approximations for the classical Cramer- 
Lundberg model described above, we assume that the reserve process of the 
company facing constant liability payments is given by the following diffusion 
process 

dRt = (a(t)fi - 5)dt + ait)(Td'Wt, Rq = x (2.2) 

where x is the initial reserve of the company, // is the expected profit per unit 
time (profit rate), cr is the volatility rate of the reserve process in the absence 
of any risk control, 6 represents the amount of money the company has to 
pay per unit time (the debt rate) irrespective of what business activities rate it 
chooses. In this model, the business activities rate that the company chooses 
at time t are modeled by a(t), which takes values in the interval [a,/3], where 
< a < /3 < +0O. The restriction a > reflects the fact that there are statutory 
reasons that its business activities rate cannot be reduced to zero, unless the 
company faces bankruptcy. 

In our model, a policy ;r is a pair of non-negative cadlag 7v-adapted processes 
{a,^(t), LI), where a„(t) 6 [a,/3] corresponds to the risk exposure at time t and 
L" corresponds to the cumulative amount of dividend pay-outs distributed up 
to time t. A policy n = {a„{t),L1} is called admissible if a < a,^(t) < /3 and 
L" is a nonnegative, non-decreasing, right-continuous function. We denote 11 
the set of all admissible policies. When a admissible policy n is applied, the 
resulting reserve process is denoted by {R"}. In view of (12.21 ) we rewrite R'^ as 
follows 

dR"! = {a„(t)l^ - 5)dt + a„{t)(Td'W, - dU,, Rl = x, (2.3) 

where x{> 0) is the initial (capital) reserve. In addition, we assume the com- 
pany needs to keep its reserve above to avoid bankruptcy. For the given 
control policy tt, we define the time of bankruptcy as t^ = inf {f > : i?f < 0}. 
tJ is an ft -stopping time. 

The objective of the company is to maximize the expected present value of the 
dividends payout until the time of bankrupt by choosing control policy n from 
the admissible set n. ChouUi, Taksar and Zhou[|3(2003) proved that there ex- 
ists an optimal dividend barrier Zjq and the optimal policy ;r^^ = {a;r» (•), L. "}, 
which maximize the expected present value of the dividends payout before 
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bankruptcy, i.e., bo is such that 

J(x,n) = E{ e-^'dLl}, (2.4) 

Jo 



V(x, bo) = sup{J(x, n)} = Jix, nl), (2.5) 

where c denotes the discount rate. If the optimal dividend barrier is too low, 
the bankrupt probability within a fixed time will be bigger than a given level. 
This is not acceptable by the management of the company. Taking the balance 
of profit and risk into consideration, we impose small bankrupt probability 
constraint on the company's control policy. We describe our optimal control 
problem as follows. 

Let Ilh = {n en : J I[s-Rn^s)<,^dUl = 0] for b > . Then it is easy to see that 
n = Ho and Z?i > ^2 => ^hi c n/,^ . For a given admissible policy n, we define 
the optimal return function V(x) by 



J(x,n) = E{ e'^'dLI], 
Jo 



V(x,b) = sup{7(;c,;r)}, (2.6) 

V(x) = sup{V(x,b)} (2.7) 

and the optimal policy n* by 

J{x,7r*) = V{x), (2.8) 

where 

^■.= {b : Flrl' <T]<£, Jix, nt) = V{x, b) and ;r, e n,}, 

c > is a discount rate, r^* is the time of bankruptcy t^* when the initial 
reserve x = b and the control policy hnh. e is a given constrained risk level 
of bankrupt probability. 1 -e is the standard of security and less than solvency 
for a given risk level e > 0. 23 is called the risk constrained set. 

The main purpose of this paper is to derive the optimal return function V{x), 
the optimal policy n* as well as the optimal dividend payout barrier b* and 
try to give a reasonable economic interpretation and discuss eff"ect of the debt 
rate 6, the constrained risk level s of bankrupt probability, the initial capital x, 
the volatility rate a^ and the profit rate jx on the optimal return function and 
the optimal dividend strategy n* . 
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3. Main Result 



In this section we first present main result of this paper, then, together with 
numerical results in section 5 below, give its reasonable economic interpreta- 
tion. The proof of the main result will be given in section 7. 

Theorem 3.1. Let s e (0, 1) be the constrained risk level of bankrupt proba- 
bility and time horizon T be given. 

(i) IfP[Ti^ ° < T] < s, then the optimal return function V(x) is f{bo,x) de- 
fined by ([6.1\) below, and V(x) = f{bo,x) = J{x,nl ). The optimal policy nl 

is {al (7?/"),L/°}, where {i?/°,L/°} is uniquely determined by the following 
stochastic differential equation 

' dRf" = (al{Rf")iu - 6)dt + cral^{Rf'')d^Vt - dLf% 



Ro" = X, 



(3.1) 



0<i?/°<Z7o, 

r / .; mi}" = 0. 

The solvency of the company is bigger than \ — s. 

(ii) IfP[Ti^ ° < T] > £, there is a unique optimal dividend b*(> bo) satisfying 
P[T^r < T] = £. The optimal return function V(x) is g(x, b*) defined by A6.4\) . 
that is, 



Vix)=gix,b*) = sup{Vix,b)} 



(3.2) 



and 



b* e^:={b: Virl' <T]<£, J(x, <) = V(x, b) and < e n^, }. (3.3) 

The optimal policy n^, = {a^.(i?,''*),L,''*}, where {i?,''*,L/*} is uniquely deter- 
mined by the following stochastic differential equation 



dR"'' = (jialXRy) - 6)dt + aal.{RT)dWt - dl",' 



Ro' = X, 



0<i?/* <b\ 

Cl .' {t)dLf =0. 

-'O \t:R,'' Kb*] ' 

The solvency of the company is 1 - e. 



(3.4) 



(Hi) Moreover, 



gi.x,b*) 
g{x, bo) 



<1, 



(3.5) 
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where a^ix) is defined by A6.6\) below. 

Economic interpretation of Theorem [Xl] is as follows. 

(1) For a given constrained risk level s of bankrupt probability and time hori- 
zon T , if the company's bankruptcy probability is less than this given risk 
constraint level e, the optimal control problem of (f2.6D and (f2.7D is the tradi- 
tional problem i2.4\) and (f2.5D . The bankrupt probability constraints here do 
not work. 

(2) If the company's bankruptcy probability is larger than this given con- 
strained risk level s, the traditional optimal control policy fails to meet the 
requirement of bankrupt probability constraint. So the company has to find 
an optimal policy n]^. to improve its solvency ability and ensure the company 
operates safely. The optimal reserve process R^ ** is a diffusion process re- 
flected at a dividend barrier b*, and the process L/'' is the dividend payout 
process that ensures the reflection, a*^. is the optimal feedback control func- 
tion. The optimal policy means that the company will pay out the amount of 
reserve in excess of b* as dividend once its reserve is bigger than b* . Under 
this control policy, we can guarantee that the company's bankrupt probability 
can stay below s. 

(3)The inequality (f3.5D shows that the optimal control policy nl, will decrease 
the company's profit-earning capability. We can treat this decrease of the 
profit as the cost of keeping the company's risk at a low level and the cost, 
g{x, bo) - g(x, b*), is minimal in view of ( \3.3\) . Lemma \6J\ and Lemma \K4\ 
below. Thus nl, is the best equilibrium control policy between making profit 
and improving solvency. 

(4) From the figure [T] in Example I5.il below we see that the optimal return 
function g(x) is decreasing w.r.t. the debt rate 6. Figure IB shows that the 
higher debt rate will lessen the company's profit, so the company should keep 
its debt rate at a appropriate level. 

(5)We can see from figure [2] in Example 15.21 below that the optimal div- 
idend barrier b* is decreasing w.r.t. the constrained risk level s of bank- 
rupt probability. And the optimal dividend barrier b* is uniquely decided by 
P[T^r < T] = s, i.e., 1 - (p'''(b*,b*) = e (see Lemma\6J\ below). The the 
optimal dividend barrier b* is also increasing function of the volatility cr^ (see 
the figure\3\in Example \5J\ below ). 
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(6) We call Ro := Xh-is) the risk-based capital standard to ensure the capital 
requirement of can cover the total given risk s, where Xb'is) is determined by 
1 - (p^\x,b*) = e (see Lemma \63\) . We see from the figure \^ in Example 

15.41 below that risk-based capital Xb'(s) decreases with risk level e. Since 
the optimal feedback control function al,(x) is increasing w.r.t. x, in view of 
comparison theorem for SDE, the constrained risk level e lessens the optimal 
business activities rate a*{t), but improves dividend payout process L]{e). It 
also lessens the optimal return function(see Example \5. 71 below). 

(7) We can see from the figures\5\and\^below that the optimal return function 
g(x) is increasing in both the profit rate fi and the volatility rate cr. 



4. Risk Analysis 

In this section, we proceed a risk analysis on the model we are studying. We 
first work out the lower boundary of bankrupt probability when we applied 
bo as the dividend barrier. It proves that the risk constrained set 23 is not 
%+ = [0, +oo). So the topic of this paper is fundamental to studying the 
optimal control problem under bankrupt probability constraints. It also states 
that the company has to find optimal policy to improve its solvency. 

Theorem 4.1. Let {R/°,L/°} be the unique solution of the following SDE( 
see Lions and Sznitman ^\{1984)) 

' dR}" = (jxal^iRf") - 6)dt + cra;ji?f ")^W, - dLf\ 
< r}" < bo. 



(4.1) 



■^0 lt:R,""<bo] ' 



Then 



bo 



4[1-0(^V)] 

P(T><r) > "--^ 



exp{|2max{//-|,|//- f|} } 
= soibo,iu,6,o-,T,a,/3)>0, (4.2) 

where Tj^° = inf {f > : i?/° < Qi\and^{-) is the standard normal distribution 



function. 
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Proof. Since a^ {x) (defined by (16.61) ) is a bounded Lipschitz continuous func- 
tion w.r.t. jc, the following SDE 

dX, = (lual^iX,) - 6)dt + aal{X,)dW„ 

Xo = bo ^ -• 

has a unique solution Xt. By comparison theorem for one-dimensional Ito 
process, we have 

PlRf" <Xt] = l (4.4) 

Define a measure Q on Tt by 

dQ{co) = M{T)dF{co) (4.5) 

where 

M{t) ^ exp{- '\ dW. 

Jo o-a^^{Xt) 

1 rUxaUX,)-6f 



1 r (//a;„(A,)-())- 

2 Jo [era* (X,)]2 '^• 



Since {M{t)} is a martingale w.r.t. Tt, we have E[M(r)] = 1. Moreover, 
noticing that a^ {X,) belongs to [a,jS], we obtain 

E''[M(r)2] < expl^maxl// - ^, I// - -|} } (4.6) 

CT'^ pa 

Using Girsanov theorem, Q is a probability measure on Tt and the process 
{X,} satisfies the following SDE 

dX, = cral(X,)dWt, Xo = bo (4.7) 

^t (pal (X,)-6) 

where Wt = Wt+ L — ", ,y, ds. It is easy to see that Wt is a Brownian motion 

JO '^'^bn '^ " 

onin,rArrh>o,Q). 

Define a time changes p(t) by 

f"^'^ = .2,1^ 2 ' (4.8) 

then p(0 is a strictly increasing function. If we denote Xp^t) by X,, then we 
have 

Xr = bo+ W,. 

Noticing that < a < al^(Rt) < /? < +oo, we get 

<p{t)<^. (4.9) 



ySV2 -^^'- a^o-^' 
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Due to the fact p{t) = J^ p(s)ds, we can deduce that p(t) < -^ and p~^{t) > 
a^cr^t, where p"' denotes the inverse of p. Then we have 

Q[inf{f ■.Xt<0}<T] = Q[mf{t : Xp-i(,) < 0} < T] 

= Q[inf{p(0 ■.bo + W,<0}<T] 

= Q[mf{t:W,<-bo}<p'\T)] 

> Q[mf{t : Wt < -bo) < a^a^T] 

= 2[l-0( ^° )]>Q- (4-10) 

acrVf 

Using Holder inequalities as well as (14.51) . 

Q[mnt:X,<0}<T] = f l[infU:x,<o)<r]rfQM 

Jn 

= I l[mf\r.Xr<0}<T]MTdPia)) 

Jn 

= EP[Mrl[i„fU:x,<oi<r]] (4.11) 

< E^[MJ]-^P[M{t : Xr < 0} < T]^- . 

Substituting (|431 ) and (gTTSl) into (BTTTT ). we get 

Q[mf{t ■.Xt<0}< r]2 



P[M{t : X, < 0} < r] > 



E^iMl] 



bo 



4[1 - 0(^)]^ 
exp{|2max{//-|,|ju- f|}" 



By virtue of (14.41) . we have 

r ' 



PLt^*" < r] = F[mf{t :R,'"<0}< T] 

> P[inf{f :Xt<0}<T] 

4[l-0(^)f 



exp{|2max{//-|,|/i- f|}'} 
= £o{bo,fi,6,(T,T,a,fi) 

> 0. (4.12) 

n 
The economic interpretation of theorem |4l] is the following. 

Assume — < a, then we have /i - - > 0. So the lower boundary of the 

4[l-(I)(-^)]2 

bankrupt probability soibo,M^ S, cr, T, a,/3) becomes to — t 7^2, • Based on 

exp{ -^ {JJ ^ ) f 

the assumption, we have the following explanations. 
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(1) The lower boundary of bankrupt probability for the company soibo, jx, 6, cr, 
T, a,/3) is an increasing function of{cr, 6, a), which means that higher volatil- 
ity rate a and debt rate 6 will make the company face larger risk. In addition, 
risk will increase as the lower boundary a of control function a{x) increases. 

(2) The lower boundary of bankrupt probability for the company so(bo, ju, 6, cr, 
T,a,/3) is decreasing in {bo,fi,/3), which means that paying dividends at a 
lower barrier will cause larger bankrupt probability. On the other hand, the 
higher the profit rate is, the lower the risk is. Improving the upper boundary 
/3 of the control function a{x) can also reduce the company's risk. 

(3) The company has a positive bankrupt probability within the time interval 
[0, T] if we set bo as the dividends barrier In order to keep the company's risk 
at a low level, we need adjust our control policy and find the optimal dividends 
barrier b* under lower constrained risk level of bankrupt probability. 

The second result is the following, which states that the risk constrained set 23 
defined in section 2 is non-empty for any e > 0, together with the first result, 
also guarantees our problem (|2.6I) . (12.71) . (12.81) is well defined. 

Theorem 4.2. Let {R1\L'1'') be defined by 

' dRf = {pialiRf) - 6)dt + o-al{Rf)dWt - dlf, 
Rf = b, 

0^1^ ^b, ^'-''^ 

and rf = M{t > : i?^* < 0}. Then 

lim P[t^ < r] = 0. (4.14) 

Proof. For any b > 1, we have b > V^. By comparison theorem on SDE (see 
Ikeda and Watanabe [23J(1981)), we have 

P[t;* < r] < PLt'I < r]. (4.15) 

Leti?^^^ satisfy the following SDE, 

dR\^^ = (a*(R\^^)ix - 6)dt + a\R^^^)crd^Vt, 
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Then, we have 

P[ A < r] < P[i?f ^ = or i?|^^ = b for some < ? < T ] 

< P[ sup E^p >b]+V[ inf R\^^ < 0]. (4.17) 

Next, we estimate P[supQ<,<j- i?|^^ > b] and P[info<f<r^|'^ < 0], respectively. 
Holder's inequality and a*{x) < /3 yield that 

sup (i?|^V < 3( ^fbf + 3 sup ( f {a*(R\^^)^ - 6)dsf + 
o<f<r o<f<7' Jo 

3 sup ( r a{R\^^)ad^Vs)^ 

0<t<T Jo 

< 3b + 3(J3iu - 6fT^ + 

3 sup( r a(R^^'')o-d'Wsf. (4.18) 

o<?<r Jo 

By Markov inequality, B-D-G inequalities and (14.181) . we obtain 

Pr PW^M ^ E[supo<,<r(i?^'y] 
P[ sup R)' >b] < — 

0<t<T O 

3b + 3{fin - 6fT^ + U/SWT 

-^ 0, asb^oo. (4.19) 

Now we turn to estimating P[info<,<r i?| < 0]. Let R] satisfy the following 
SDE 






<' = 0. 



^(2) 

Thus we have 

R^^^ = yfb + Rf\ (4.21) 

Therefore, by using the same argument as in (14.191) , we get 
P[ inf i?|'^ < 0] = P[ inf Rf^ < - V^] 

0<t<T 0<t<T 

= P[ sup i-Rf^) > yfb] 

0<t<T 

E[supo<,<r(-^fV] 

{^fbY 
2(J3iu - 6fT^ + %0^a'^T 

b 

0, as Z? ^ oo. (4.22) 



< 



< 
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Hence, (I4l5]) . (lOTl) . (I4l9l) and (HTIIl) yield that 

lim P[/'* < r] = 0. 

fe— >oo 

n 
5 . Numerical examples 

In this section, we present some numerical examples to give the readers an in- 
tuitive impression on the relations between the results and model parameters. 
Setting the parameters at suitable level, we portray how the debt rate 6, the 
constrained risk level of bankrupt probability, the initial capital x , the volatil- 
ity rate cr^ and the profit rate // impact on the optimal return function and the 
optimal dividend strategy based on the PDE (16.71 ) below, we also show the fig- 
ures of the optimal return function g{x) and the associated optimal feedback 
control function a*{x). 

Example 5.1. Let /u = 2, cr^ = 50, c = 0.05, a = 0.5, /? = 8, T = 300 and 
b = 100. FigureUJshows that the optimal return function ggix) decreases with 
the debt rate 5. 
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Figure 1 . The optimal return function gs{x) as a function of 
6. (Parameters: // = 2,cr = 50,c = 0.05, a = 0.5, /3 = 8, T = 
300, Z7= 100) 



Example 5.2. Let ^x = l,cp- = 50, 5 = 0.2, c = 0.05, a = 0.5, /3 = S, T = 300. 
Let b(s) be the solution ofl- <p(T, b) = e, where (p{T, b) is defined in Lemma 
16.51 Thus given a constrained risk level s of bankrupt probability, b{e) is the 
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associated dividends barrier. Figure |2] shows that the dividends barrier b{s) 
decreases with the constrained risk level s. 




Figure 2. Dividends barrier b{s) as a function of s. (Parame- 
ters: ju = 2,(^2 = 50,5 = 0.2, c = 0.05, or = 0.5, yS = 8,r = 
300) 



Example 5.3. Let n = 2, 5 = 0.2, c = 0.05, a = 0.5, /3 = ^, T = 300. Let 
bcris) be the solution of \ - (p{T, b) = s, where (p{T, b) is defined in Lemma 
1(5.51 We see from Figure\3\that at the same constrained risk level, the bigger 
the volatility rate cr is, the higher the dividends barrier ba-(s) is. 
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Figure 3. Dividends barrier ba-is) as a function of cr^. (Pa- 
rameters: n = 1,6 = 0.2, c = 0.05, q; = Q.5,li = S,T = 300 
) 



Example 5.4. Let /u = 2, cr^ = 50 6 = 0.2, c = 0.05, a = 0.5, /3 = S, 
T = 300. Let ba-{s) be the solution of\- (p{T, b) = s, where (p{T, b) is defined 
in Lemma 1(5.51 Rq = x is the initial reserve and e is the constrained risk level 
of bankrupt probability. We see from figure^that the lower the initial reserve 
X is, the higher the constrained risk level s is. 




Figure 4. Initial reserve x{e) as a function of the risk re- 
strained level s. (Parameters: /u = 2,cr^ = 50,6 = 0.2, c = 
0.05,a = 0.5,fi = S,T = 300) 
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Example 5.5. Let a^ = 50, 5 = 0.2, c = 0.05, a = 0.5, j3 = S, T = 300 and 
b = 100. Figure\5\shows that the optimal return function gf^ix) increases with 
the profit rate //. 
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Figure 5 . The optimal return function gp,{x) as a function of yu. 
(Parameters: cr^ = 50,5 = 0.2, c = 0.05, a = 0.5,;8 = 8, T = 
300, Z>= 100) 



Example 5.6. Let n = 2, 6 = 0.2, c = 0.05, a = 0.5, J3 = S, T = 300 and 
b = 100. Figure^shows that the optimal return function ga-ix) increases with 
the volatility rate cr^. 
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Figure 6. The optimal return function ga-ix) as a function of 
o-^. (Parameters: ^ = 2, 5 = 0.2, c = 0.05, a = 0.5,/3 = 8, T = 
300, b= 100) 



Example 5.7. Let ft = 2,cr^ = 50, 6 = 0.2, c = 0.05, a = 0.5, ;0 = 8, T = 300 
anJ b = 100. 5e? Xq. = 4.72, jc^ = 94.79, the images of the optimal return 
function g{x) as well as the optimal feedback control function a*{x) are as 
follows (see Figure^and Figure\8!i). 




Figure 7. The optimal return function g(x). (Parameters: 
ju = 2,(T^ = 50,6 = 0.2,c = 0.05,a = 0.5,/3 = S,T = 300,b = 
100) 
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Figure 8. The optimal feedback control function a{x). (Pa- 
rameters: fi = 2,cr^ = 50,6 = 0.2, c = 0.05, or = 0.5, /3 = 
S,T = 300,b= 100) 



6. Properties of V(x, b) and Bankrupt Probability 



In this section, we will discuss some important properties of the optimal return 
function V{x, b) and bankrupt probability, which are used to prove the main 
result of this paper. The rigorous proofs of these properties will be given in 
the appendix. In view of Lemma lS.ll in the appendix, different value of — can 
lead to three different cases. When — < a, this case is the most complicated. 
We select this case as the basis of our discussion throughout the paper, and 
the results of the other two cases are almost same. 

Lemma 6.1. If fix) e C^ and satisfies the following HJB equation and bound- 
ary conditions, 

max {\cr^a^f"{x) + Qua - 5)f'{x) - cfix)] = 0, for < x<bo, 

ae[a,/?] ^ 

fix) = 1, forx>bo, 
f'\x) = 0, forx>bo, 
, /(O) = 0, 
then we have 



(6.1) 



and 



bo = infix > : f"{x) = 0} 



max Lf{x) < and f {x)>\ for x>0, 
/(O) = 0, 



where L = \(^^cp--j^ + il^<^ ~ ^)^ ~ ^- 
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Lemma 6.2. Let b > bo be a predetermined variable. If g & C^{R+), g G 
C^(R+\{b}) and satisfies the following HJB equation and boundary conditions, 



max [\cr^a^g"(x) + Qxa - 6)g'{x) - cg(x)] = 0, for < x <b, 

g{x) = 1, for x>b, 
g"(x) = 0, for x>b, 
[ giO) = 0, 



(6.2) 



then we have 

max £g(x) < 0, for x>0, 
• g\x)> \,for x>b, (6.3) 

, ^(0) = 0, 

where bo and X, are the same as in Lemma IdT/l g"{b) := g"{b-). The expres- 
sion ofg(x) can be written as 

( kiie'^^^h - e'--('^)^), < jc < jc„, 



g(x, b) 



kii^ + £^ expi--^ r ^y)dy], Xa<x< xp. 



(6.4) 



J^^^r,m^-bo) + ^4e'--W(x-feol^ Xp<X<b, 

x-b + g^{b), x>b, 

where r+{x), Xa, Xp,ki,k2,ki, and k^ are given by ^8. 71) . d&S]), dSJJ]), ^8.1% . 
^8.27\i and ^8.26\i . respectively. 



Lemma 6.3. Let g{x, b) be as the same as in Lemma \6.2\ Then f^gix, b) < 
holds for b > bo. 



Lemma 6.4. The bankrupt probability P[t^* < 7"] is a strictly decreasing 
function w.r.t. the dividends barrier b on {xp,D), D := infjZ? : P[t^* <T\ = 0}, 
and Xjs is defined by A8.15\) . 

From the proof of Lemma [6^ for each x < b,ifwe define 



1 



a*(x) := arg max {-cr a g {x) + {pa - 6)g {x) - cg{x)], (6.5) 

ae[afi] 2 

then it follows that a*{x) can be represented as 

'a, Q < X < Xa, 

a*{x) 



(6.6) 



a\x), Xq. < jc < Xfj, 
/3, x> xp, 

where a{x) and Xa, xp are specified by (|8.14l) . (18.81) . (|8.15l) . respectively. We 
now have the following lemma. 

Lemma 6.5. Let a*{x) be defined by A6.6\) . and define tf/^{T, x) := P[t/ < T\ 
i.e., il/'{T,x) is the bankrupt probability when the initial reserve of{R,''}t>o is 
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X and dividends barrier is b. Let (p^{t, y) 6 C^(0, oo) n C^(0, b) and satisfy the 
following partial differential equation and the boundary conditions, 

[ iP%t, X) = ^[a*(x)]WcpUt, X) + (a*(x)fi - 6)cp1(t, x), 
■ /(0,x) = l,forO<x<b, (6.7) 

/(f, 0) = 0, 0$(f, b) = 0, for t > 0. 

Then (f)^(T, x) = \ - ifr'^iT, x), i.e., (p^{T, x) is probability that the company will 
survive on [0, T\ 

Lemma 6.6. Let (p^{t, x) solve the equation l\6. 71 ). Then (f)'^iT, b) is continuous 
with respect to the dividends barrier b on \bo, +oo). 

7. Proof of Main Result 

In this section, we prove the main result of this paper, which is described in 
Theorem 13. 1[ In order to do this, we first need the following. 



Theorem 7.1. Let a^(jc) be defined by l\6.6\) , and f(x), g{x, b) be as the same 
as in Lemma \6.1\ and Lemma \6.2\ respectively. Then 

(i) Ifb< bo, we have V(x,b) = V(x,bo) = V(x) = f{x), the optimal policy 
associated with V{x) is n\^ = {al^(R.''''),L.''°}, where theprocess {i?/°,L/°} is 
uniquely determined by the following SDK, 



dR^" = {pal (R/'") - 6)dt + era; {Rr)dWt - dL^ 



bo^ 



'' I 



X, 

'bo 



o<r;' <bo. 



(7.1) 



r / .. it)dL""" = 0. 



(ii) Ifb > bo, we have V{x, b) = g{x, b) and the optimal policy n*^ is {al(R, *),/./ }, 
where {i?/, L/} is uniquely determined by the following SDE 

' dRf = {paliRf) - 6)dt + o-al{Rf)dWt - dL"'", 

Rf = X, 
< i?"* < b, 

Cl nl {t)dLf=Q>. 



(7.2) 



Proof (i) \fb< bo, since nl^ e Uh^ c I!;,, we have V{x,bo) < V{x,b) < V{x). 
It suffices to show V(x) < f(x) = V{x, bo). Since its proof is similar to Q, we 
omit it here. 



(ii) If b > bo, denote g(x, b) by g{x) for simplicity, for any admissible policy 
n = {a„, L"), we assume that (i?f , Lf ) is the process (12.31) associated with n. 
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Let A = {s : L"^. it L"^}, L = Z.veA,.v<f(^I - L"-) be the discontinuous part of 
L" and L^ = L'^ - L" be the continuous part of L". Applying generalized Ito 
formula to e^'^^^^'^'^giR^^^), we have 



Jr-rAr- 




e-^^'-^-^^giRl^^) = g(x)+ e-''£g{R:)ds 



+ a„cre-''giR:)d^- e-''g{R:)d^ 

Jo Jo 

+ 2 e-''[giR:)-giR:_) 

seA,s<tAT^ 

-g\Rl)iR:-Rl)] 

= g(x)+ e-"£g{Rl)ds 

Jo 

WArJ watJ 

+ a,(re-^^'(7?:)jnV,- e-''g{R:)d~^ 

Jo Jo 

+ Xi e""fe(^D-^(^:-))], (7.3) 

i'eA,.v<fAr? 



where 



L= -a o- —^+{p.a- 6)— - c. 

In view of the HJB equation (16.21) . £,g{R") is always non-positive, so is the 
second term on the right hand side of (|7.3l) . By taking mathematical expecta- 
tions at both sides of (I7.3D . we get 

E[e-(-^)^(i?- )] < g(x) - E[ e-^'g\R:)dL:] 

Jo 

+E[ 2 e-''[g(R:) - g(Rl)]]. 



ieA,.v<fAT^ 



(7.4) 



Since ^'(jc) > 1, for jc > Z?, 

g(R:)-g{Rl)<-iL:-Ll), (7.5) 

which, together with (|7.4I) . implies that 

^fArJ 

E[e-(-^)^(7?-^^)] + E[ e-"JL:] < g{x). (7.6) 

Jo 
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By the definition of r^ and ^(0) = 0, letting t ^ oo in (17. 6|) . we get 

+ lim inf e''^' giRt)I[r^.=oo] 
> 0. (7.7) 

We deduce from dT6l) and (17771) that 

\-''dL:]<g(x). 



So 

V(x,b)<g(x). (7.8) 

If we choose the control policy nl = {al{R- *), L *}, which is uniquely deter- 
mined by SDE (17.21) . then all the inequalities above become equalities. Hence 

V(x,b) = g{x). 

So we have 

Vix,b) = gix,b). (7.9) 



Now we prove the main result of this paper. 

Proof of Theorem 13.11 

If P[t^ " < r] < e, the bankrupt probability constraint does not work and it 
turns to a usual optimal control problem, thus the conclusion is obvious. 



If P[t.'''' < r] > e, then by lemmas [64ll6.6l there exists a unique b* solving the 



r ' 

'ho 

equation P{TjJ' < T} = s. Moreover, b* = mf{b : b £ ^} > bo. By Theorem 
17.11 and Lemma 16. 3[ V(x, b) = g{x, b) for b > bo and V{x, b) is decreasing 



w.r.t. b. Therefore, we know that b* meets (13.21) and (|3.3I) . So the optimal 
policy associated with the optimal return function V{x, b*) is {a^.(i?f **), L/'' }, 



which is uniquely determined by SDE (13.41) . 

Due to the fact b* > bo, the inequity (13.51) is a direct consequence of Lemma 
16.31 Thus we complete the proof, n 
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8. Appendix 

In this section, we first discuss some useful arguments, then we give the proofs 
of the lemmas used in the previous sections. 



Due to the mathematical model presented by (12.21) . ait) is required to take 
values in the interval a,/3, where < a < /3 < +oo. Thus, a{t)/u - 6 may 
be negative because 6 > 0. If /S/u < 6, there exists a trivial solution to the 
corresponding HJB equations, which has been proved by ChouUi, Taksar, and 
Zhou[7]. In the next section, we always assume thatyS/i > 6. Then the follow- 
ing statements are valid. 

Lemma 8.1. Let Pn > 0. Then 

(i) — < a if and only ifa{0) < a. In this case, 

2 

a(0) = —^ . (8.1) 

IQua - 6) 

(ii) a < — < fi if and only ifa< a(0) < /3. In this case, 

a(0) = — . (8.2) 

/^ 

(Hi) P < — if and only ifa{0) > /3. In this case, 

«(0) = T^r^y (8.3) 

2(ju/3 - 6) 

Proof. See ChouUi, Taksar and Zhou[7J for details. n 

Due to Lemma [STTl there are three diff"erent cases to investigate. Since the 
proof of each case is similar, we only give sketch proofs of lemmas in case 

2S 
suppusc 

these lemmas. 



(i). Thus we suppose — < a throughout the following procedure to prove 



Proof of lemma I6.1[ The complete proof is given in ChouUi, Taksar and 
Zhou[7 1(2003). D 

Proof of lemma lOl 

Step 1. For each x >0 and a >0, define 

h(x, a) = -cr^a^g'ix) + (jxa - 6)g\x) - cg(x). (8.4) 
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Then, by differentiating h{x, a) w.r.t. a, we get the maximizing function of 
h(x, a) 

«W = -^r^' ^^0. (8.5) 

la view of Lemma [8TT] (i). a(x) < a for all x in the right neighborhood of 0. 
Substituting a = a into (16.21) . and solving the resulting second-order linear 
ODE, we get 

g(x) = ki(e''-^'''^x-e''-^''^''), 0<x<Xa, (8.6) 

where ki and Xa are to be determined and for x > 



r+(x) 

, , -Qix-S)- \/(iix-Sy-+2cr^-cx^ 

r-W = -^r^ . 



(8.7) 



Due to dM]) and dSH), for x > 

- , -jur+(a)r_(a)(r+(a) - r_(a))2e('-+('^)+'--W>- ^ 
o-\g {x)Y 
Therefore a{x) increases to a at the point Xa given by 

Step 2. In view of Proposition 8 in |j71, a < a{x) < jS in the right neighborhood 
of Xa- From (18.51) . we get 

o-^a{x) 
Substituting (18.91 ) into (16.21) . differentiating the resulting equation, and using 
(18.91) again, we obtain 

„ „ = ^^ii^d - ^). (8.10) 

yucr^ a(x) 



with 



Integrating (|8.10l) . we get 



yu^ + 2c'^cr^ 



2 _L 2 

G(a(jc)) = ^^ ^(x - xj + G(q'), (8.12) 

yucr^ 

where 

G(z) = z + M/og(z - a). (8.13) 
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Therefore 

aix) = G-\- — (x - Xa) + G(a)). (8.14) 

Obviously, a(x) is increasing. Let a{Xfs) = /3, we get 

2 

x/i = /"[ J G06) - G(a)] + x„ 

- ""' (;e-«) + -/^tos(^^) + x.. (8.15) 



/i^ + 2ccr2 /i2 + 2ccr2 q; - M 

Solving (lO) . (18131) and (I041) . we obtain 

gW = g(xj + g (Xa) expi —-l)^y^ Xa<X< Xp, 

(8.16) 

where g(Xa) and g\xa) are free constants to be determined. From (18.61) and 
(18.81) . we deduce 

au. — 26 / 

g(Xa) = -^ g(Xa) (8.17) 

2c 
Let 

^2=/(^a), (8.18) 

Then ^M and (lOTl) imply 

^, = ;^f-^^ fc, (8.19) 

Substituting (18.171) and (18.181) into (I8.16L we get 

aiJL-25 r n n dv 

g(x) = k2[ — + exp{ -—)dy], Xa < x < xp. (8.20) 

2c J:c, 0-2 J^^ a(v) 

Step 3. In view of Proposition 9 in |I71, a{x) > ;S holds for x > Xp. Substituting 
a = yS into (16.21) . and solving it, we get the following solution 

g{x) = he'^^^^'-'"'^ + yt4e'"-<^>^-^-^''\ xp<x<b, (8.21) 

where ^3, k^ are free constants to be determined and r+{fi) are given by (|8.7I) . 
For x>b, the solution has the following form 

g{x) = x-b + k^e''^^''^^^'''^ + k4e''-^^^^~^°\ x>b. (8.22) 

Next we apply the principle of smooth fit to determine the unknown constants 

above. Note that 

( g(xp-)= g(Xp+) 
[ g (Xp-) = g {Xp+), 
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we arrive at 



(8.25) 



(8.26) 



where 

Solving (18.241 ) for k^ and ^4, we get 

I ^3 = ^,^(j^)^^_gsly.m^,-»o)k2 = Ak2 

Substituting (|8.26l) into (18.211) and using g (b-) = 1, we obtain 

n (o 27^) 

^ Ar+(j8)e'"+<^)(^-^'') + 5r„(^)e''-<^)(''-'^o) ' 

Thus, ^1, ^2, ^3, ^4 are determined by (|g7T91 ). (l8.26D and (I071) . We claim that 

/(^-) > 0. (8.28) 

In order to prove this statement, we consider f{x) in Lemma 16.11 and notice 
that A and B in (18.261) have the same expression both in f{x) and g(x). Since 
f'{bo) = landf"(bo) = 0. 



'' /-t w .1/11 —I— I ■ r ■ / I ■ ■ I 



k{{Ar^{P) + Br.m = 1 



where k2 is the corresponding constant in Lemma [6?T1 From (18.291) . we know 

^2 



that A < 0, 5 > due to r+(J3) > 0, r^(J3) < 0) and fc( > in f{x). In addition, 



if we let 

Ar2(je)e'-+<^)(^-*o) + 5r2(;8)e'--(^)(^-^o) 

then, 

5/ _ AB(rl(J3)r^(J3) + r^{j3)rl(fi) - 2rl(fi)ri{]3))e^'--^^^'-^P^^^^-^'^^ 
db ~ (Ar+(/3)e''+(^)(*-^o) + 5r_(je)e'--(^)(^-*o))2 

> 

(8.31) 

holds for A > 0,5 < 0,r+(fi) > and r_(/3) < 0. Since b > bo, we conclude 
that 

g"(b-) = m > l(bo) = g'ibo) = 0, (8.32) 

where g(x) is the solution of (|6.2I) with replacing bhy bo. 
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Step 4. Now we only need to prove the solution g(x) satisfies (16.21) . It suffices 
to prove the following conditions, 



max [-cr^a^g"{x) + {p.a - 5)g {x) - cg{x)\ = 0, for x>b. 

ae[afi] 2 



By (lO) . (18321) and noticing that g\b-) = 1, we get 



max £.g(x) = fxa - 6 - c{x - b + g{b)) 
< fxa - 6 - cg{b) 



1 



< -cr'a'g (b-) + (Ma- S)g,(b-) - cg{b) 

< 0. 



(8.33) 



Thus, we complete the proof. We summarize the solution as follows. For 






gi.x) = 



( ^j(e'-.(«)^ _ e'--(«)-V)^ < X < X„, 

j^^^nmx~bo) + k^e'-^^^'^-'^'K xp<x<b, 
x-b + k^e''^(fi^^''~''°'> + k^e'-^^^^-^'^K x>b. 



(8.34) 



where r+(x), x^, Xp, ki,k2, ki, and ^4 are defined by (|8.7I) . (18.81) . (18.151) . (18.191 ), 
(18.271) and (18.261) . respectively, n 
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Proof of lemma |01 For b > bQ,A < 0,B > 0, together with (18301) and 
(18.311) . we have 

d {aix-16) 

^S(P, x) 



< 0, Q < X< Xa\ 

^g(b,x) = -( — - — + exp( — - -r^)dy) 

ob 2c J^^ o-^ J^^ a(v) 



X- 



^(Ar+(;0)e'-+(^)(''-^o) + 5r-(^)e'--<^X^-*o))2 

< 0, Xa< X< Xp\ 

db 

< 0, Xyj < X < Z?; 

< 0, ;c > Z?. 

Thus, the proof is completed, n 

Proof of lemma 16.41 We can prove that P[t^/' < T] is decreasing in Z? along 
the lines of Theorem 3.1 in [fT7l ("2008). Here we only need to prove that 
PLt^* < T] is strictly decreasing in b on [xp,D). We denote PLr^* < T] by 

b 
b 



P[t? < r] for simplicity. 



For any Z»i, Z?2 satisfying D>b2>b\> xp, we need to prove that 

p[Tj;<r]-P[T;;^<r]>o 

By comparison theorem, we have 

P[tJ; < r] - nrt <T]> nrl] <T]- P[tJ^ < T]. 
So we the proof can be reduced to proving that 

P[Tj;<r]-P[T£<r]>0. (8.35) 
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Define stochastic processes R} , R] \ R} , i?| by the following SDEs: 

6?i?^'^ = [jual^iR^^^) - 6]dt + al^(R\^^)crd'Wt - dL^,\R^Q^ = bu 
dRf-^ = [jual^iRf^) - 6]dt + al^{Rf^)ad^V, - dL'l\Rf = bj, 

dRf^ = UialiRf^) - 6]dt + al^{Rf^)(Td^r - dL',\Rf = ^^^; 
dR^' = UialiR^') - 6]dt + al{Rf')cTd^V„R'^' = ^^, 

respectively, where D > b2> bi > X/j and a*(-) is defined by (I6.6I ). 

First, let r^' = infl? : i?f^ = b^}, A = {t'" < T}, B = {i?f^ will go to 

r>0 

bankruptcy in a time interval [t''\t'" + T] and t^' <T],D = { inf i?f ^ > bi) 

Q<t<T 

and £ = { inf Rf > by, sup R^ < Z^i}. Then 

0<t<T o<t<T 

{tII<T}cBcA. (8.36) 

Moreover, by using strong Markov property of i?[ \ we have 

F[tI] <T]= P[5|A]. (8.37) 

By comparison theorem on SDE, we have 

P(A'^) > P(D) > F(E). (8.38) 

Since al^{x) = jS we have 

Rf = '^ ^ +Uij3- 6]t + a^Vt on E. (8.39) 



We deduce from (18.391 ) and properties of Brownian motion with drift (cf . An- 
drei,Borodin,Paavo,Salminen [1] (2002)) that 

P(F.) = — y ePfe--)[(e-fe--^+^^)-/2r) 

_(e-fe+-^- ./ )/^^)]Jz > 0, 
where //' = (/0/i - S)lcr and x = ^^. Thus we get 

P(A") > 0. (8.40) 
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We also know from Theorem O that P[tJ2 < T] > P[tJJ < T] > 0, which 
together with (I8.36L (18371) and (18401) . implies that 

P[Tj^<r]-P[Tj;<r] > P[Tj;<r]-P(5) 

= P[Tj;<r]-P(A)P(5|A) 
= P[Tj^<r](i-P(A)) 

= P[Tj;<r]P(A') 
> 0. 
Thus the proof is completed, n 

Proof of lemma lOl Let (p{t, x) = (p''{t, x). Setting r^ := t^* and applying the 
generalized Ito formula to (^,*' , A*) ^^^ 0(^' ^) we have for < x < b, 

(f>iT-(tAT%R2'^) = (f>{T,x) 



^' 1 



*2rD"b'^\^2 



+ I (-a*\R;')o-'cPyyiT-s,Rr) 
+ (aliR:hlu-6)MT-s,R':h 





Jo 



a\RT)(T(P,{T - s,K'r)dW, 



(8.41) 

Setting t = T and taking mathematical expectation at both sides of (I8.41D 
yield that 

= E[0(O,4*'')lr<,j] + E[0(r - T^,0)ly>,*)] 
= E[l,,,.] 
= l-ifi(T,x). 
Thus we complete the proof, n 

Define u(x) := \a*^{x)(T^, v{x) := a*^(x)iu - 6, the equation (4.13) becomes 

0f (?, X) = u(x)(f>Ut, X) + vix)(f>'^(t, X). (8.42) 

Obviously, u(x) and v(jc) are continuous in [0,b] due to the fact that a*{x) is 
continuous w.r.t x. Thus there exists a unique solution in C^O, oo) n C^(0, b) 
for (|6.7I) . Moreover, m'(.x:), v'(x), u"{x) are bounded in (0, Xa), (x^, Xp), {xp, b). 
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respectively. Now we are ready to prove that the bankrupt probability if/'^{T, b) 
is continuous with respect to the dividends barrier b{b > bo). 

Proof of lemma WM It suffices to prove that (p'\t, x) is continuous in b. Let 
X = by and 6^{t, y) = 4>^{t, by), the equation (|6.7I) becomes 



' e^{t,y) = [u(by)/b^]e'^,^,(t,z) + [v(by)/b]e'/t,y), 
e''(0,y) = 1, forO<3;< 1, 

e''{t,o) = o,e'^XtA) = o, {ort>o. 



(8.43) 



So the proof of Lemma 16. 61 can be reduced to proving lim 9''^(t, 1) = 0^'(?, 1) 

for fixed bi > b^. Setting w{t,y) = 6'''-{t,y) - 9^'{t,y) and noticing that 9'\t,y) 
is continuous at y = 1 for any b > bo, it suffices to show that 



If 

Jo Jo 



w (s,y)dyds -^ 0, as b2 ^> b\. 



(8.44) 



(8.45) 



Thus we have 

{w,{t,y) = [u(b2y)/bl]Wyyit,y) + [v(b2y)/b2]Wyit,y) 

+ {u{b2y)/bl-u(b,z)/b]}e':;.(t,y) 

+ {u{b2y)/bl-u{b,y)/bl}(^.\t,y), 

w(0,y) = 0, forO< j< 1, 

i w(t, 0) = 0, Wy(t, 1) = 0, for ? > 0. 

Multiplying the first equation in (|8.45l) by w{t,y) and then integrating on 
[0,l]x[0,t], 

nw(s,y)wt(s,y)dyds 

= I I {[u(b2y)/bl]w(s,y)Wyy{s,y) 
Jo Jo 

+ I I [v(b2y)/b2]w(s,y)Wy(s,y) 
Jo Jo 

+ r f [u(b2y)/bl-u(b,y)/b^,]w(s,y)(^ylXt,y) 
Jo Jo 

+ r [ wis,y)[vib2y)/b2-v{biy)/biMs,y)e'y'it,y)}dyds 
Jo Jo 

= E1+E2+E3+ £4. (8.46) 

We now estimate each terms at both sides of (|8.46l) as follows. 



Jo Jo 



w(s, y)wt(,s, y)dyds 



= (M"- 



y)dy. 



(8.47) 



By property of a*(x) and the definition of u(x) and v(x) there exit positive con- 
stants Di, D2 andDg such that [v(b2y)/b2f < D^, [u{by)/b^Y > 0, [u(b2y)/bl] > 
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D2 and {a{b2y)lb^' < D3. For any Ai > and A2 > 0, by these facts and 
Young's inequality, we estimate Ei and E2 as follows, 



n[u{b2y)lbl]w{s, y)Wyy{s, y)dyds 

- { { {u{b2y)lblWy{s,y)dyds 
Jo Jo 

[u(b2y)/bl]wy(s, y)w(s, y)dyds 

.r/bo 



a/bl 
4 M 



< -D2 \ w;(s,y)dyds 

Jo Jo 

+D3 r [ [AiwlXs,y) + -^w\s,y)]dyds, (8.48) 

Jo Jo ^^1 



n[v(b2y)/b2]w(s, y)Wy(s, y)dyds 

< A2 \ \ Wy(s,y)dyds 
Jo Jo 

+Tr [ [ w^i^^y)dyds. (8.49) 

^^2 Jo Jo 



It is easy to see that \u{by)lb\ [M(Z7y)/Z?^]'and \yiby)lb} are Lipschitz contin- 
uous for all y e (Xa/b2, Xplbi), that is, there exists L > such that 



\Vu{b2y)lbl] - [u{b,y)lb\\\ < L\b2 - b,\, 

\Vu{b2y)lblY - {u{b,y)lb\Y\ < L\b2 - b,\, 

\b'{b2y)lb2\ - [v{b,y)lb,]\ < L\b2 - b,\. (8.50) 
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£3 has the following expressions, 



E, = 



f f {u(b2y)/bl - u{b,y)lb\}w{s,y)^;^{s,y)dyds 
Jo Jo 

- f f {u{b2y)lblu{byy)lb\]wy{s,y)(^;{s,y)dyds 
Jo Jo 

- f f \u{b2y)lbl-u{b,y)lb\]'w{s,y)^;{s,y)dyds 
Jo Jo 

- { { \u{b2y)lb\-u{b,y)lb\]'w{s,y)(^;^{s,y)dyds 

Jo Jxa/b2 

nx/s/h2 
[u(b2y)/bl - u{b,y)lb\\w{s,y)Gf;^{s,y)dyds 
j/bl 
nx/s/hi 
[u{b2y)/bl - u{b,y)lb\Yw{s,y)^;^{s,y)dyds 

Jo Jxr, 



xplh2 



[u{b2y)/bl - u{b,y)lb\]'w{s,y)e^;{s,y)dyds 



- { { {u{b2y)lblu{b,y)lb\]w,{s,y)(^;{s,y)dyds 
Jo Jo 

- r f" \u{b2y)lbl-u{b,y)lb\\w{s,y)^;{s,y)dyds 

Jo Jxa/b2 

nxp/h2 
[u(b2y)/bl - u(b,y)lb\Yw{s,y)^y\s,y)dyds 
albi 
nxp/bi 
[u(b2y)/bl - u{b,y)lb\Yw{s,y)(^;{s,y)dyds 
- 



E31 + E32 + E33 + E34. 



(8.51) 



By (18.501) and (18.51 h and Young's inequality for any A3 > and A4 > 0, 



'31 



- r f [u(b2y)/bl-u{b,y)/bl]w(s,y)e',^{s,y)dyds 
Jo Jo 



< 



L\b2-b,) 



2 rt /-I 



Jo Jo 



Jo Jo 



{s^yyf'dyds 



AA3 
+A3 I I {w':{s,y) + w\s,y)]dyds 



(8.52) 
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and 



nmlh2 
[u(b2y)/bl - u{b,y)lb\Yw{s,y)ef;\s,y)dyds 



y 
2ru_ u\2 rt r^ 



^M Jo Jo 

+^4 r f [wjis,y) + w\s,y)]dyds. (8.53) 

Jo Jo 

There exists a constant D4 > such that \[u(by)/b^]' - [v{by)/b]\ < D4 and 

A5 = inf {u{by)/b^} > 0. Then by the boundary conditions we estimate 

hi<h<b2 

Jq Jq [(^(.s,y)]^dyds for b e [bi,b2] as follows, 

= [ [ e^(s,y)e'is,y) 
Jo Jo 

-[u(by)/b^]fy,y)e'is,y) - [v{by)lb](^,{s,y)(^{s,y)dyds 

= \ f [e'(s,y)fdy+ f f [u(by)/b\e'^(s,y)fdyds 
^ Jo Jo Jo 

+ f f [u(by)/b^]'e'/s,y)e'is,y)dyds 
Jo Jo 

- f f [v{by)/b]e^y(s,y)e'(s,y)dyds 
Jo Jo 

> As f f [e'y(s,y)fdyds-^ f f [e'^(s,y)]^dyds 

Jo Jo ^ Jo Jo 



2/I5 Jo Jo 



n2. 



{s,y)] dyds 
Jo 

\f^(s. y^\^dyds - 

2A 

from which we deduce that 



^ r f [e^Xs,y)fdyds-^ (8.54) 

^ Jo Jo 



r f [e^;(s,y)fdyds<^. (8.55) 

Jo Jo 



4 



Therefore we conclude that J f [6y(s,y)]^dyds is bounded. Noticing that 
w(s,y) < 2 and 

lim {|£32l + 1^341} = 0, (8.56) 

as well as using the equalities (18.5 1|) - (I8. 561 ). there exists a positive function 
5j'(Z72) such that 

lim 5^'(Z72) = 
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and for < r < r 



E3 = f f [uib2y)/bl-u(hy)/bl]w(s,y)e'y;(t,y)dyds 
Jo Jo 



< B\\b2) + (^3 + M) f f [wl(s,y) + w\s,y)]dyds. 

Jo Jo 



(8.57) 



By the same way as in estimating £3 we also find a positive function 52'(^2) 
such that 

lim B\\b2) = 
and for any /le > 

£4 = r { {v{b2y)lb2-v{b,y)lb,^w{s,y)(^;{s,y)dyds 
Jo Jo 



Jo Jo ' Jo Jo 



4^6 

< B\'{b2) + A(,\ f w^(s,y)dyds. (8.58) 

Jo Jo 



Choosing /li, A2, /I3 and/l4 small enough suchthat/liD3+/l2+/l3+/l4 < D2, we 
deduce from (|8.46I) - (I8.49D . (18.571) and (|8.58l) that there exist positive constants 
Ci and C2 such that 

f w\t,y)dy<C, f f w\s,y)dyds + C2[B\\b2) + B'^'{b2)]. 
Jo Jo Jo 

Setting F(t) = f^ f^ w^(s, y)dyds and using the Gronwall inequality, 
F{t) < C2[B\'{b2) + B\\b2)] exp{Ci?}. 



So 



lim r { [^\s,y)-ef\s,y)Ydyds = Q. 

''s-^*! Jo Jo 



Thus we complete the proof, n 
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